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Abstract 



Suppose the geometrical explaination to the weak CP phase in quark sector is also valid 
for neutrinos, the mixing and CP violation in neutrino system are discussed. We find a larger 
J CP than 3 x 10~ 3 implys the large-mixing solution for solar neutrino problem. In case of 
bi-maximal mixing, we predict relative large CP violation with Jqp larger than 10 -3 in neu- 
trino system, except the third mixing angle approachs to or ir/2 very closely. 



PACS number(s): 11.30.E, 14.60.P, 12.15.F 



1. Introduction 

In the Standard Model, photon and neutrino have no masses. However, the masslessness 
of photon is ensured by gauge invariance while the masslessness of neutrinos is only an 
artificial supposition. Since it is found that, the observed solar neutrino fluxes are all below 
the predictions based on the Standard Solar Model (SSM) Q, and it is very difficult to explain 
these flux deficits by modifying the SSM 0, people began to guess that neutrinos may have 
non-zero masses, and can oscillate from one flavor to another like that occuring in the sector 
of quarks. 

Recently, the Super-Kamiokande experiment has provided a strong evidence for non-zero 
masses and oscillations of neutrinos 0, Q . Because it is the first sign for new physics beyond 
the Standard Model, it has brought up a turbulent shock in the research field of particle 
physics after the announcement of the Super-Kamiokande result. 

In analogy to the quark mixing in the Standard Model, it is expected that, the mixing 
matrix of the neutrino sector has the similar structure to that of quark sector. Then, it 
remind us to discuss the problem of mixing and CP violation in neutrino system naturally 

§§ EL EH- 

Based on the postulation put forward by one of us and the collaborators []|, pj], we 
investigate the mixing and CP violation in neutrino system in this work. Here, we suppose 
that 

A. The postulation on the relation between weak CP phase and the other three mixing 
angles in Cabibbo-Kobayashi-Maskawa matrix for quark sector be also available for neutrino 
system. Due to the similarity between quark sector and lepton sector, we take this supposition 
as reasonable. 

B. Neutrinos come in three families with no additional species, sterile etc., and their 



masses are hierarchical with m Ve being smallest and m VT largest [11]. 

C. Due to the confirmation of the Liquid Scintillator Neutrino Detector (LSND) results 
at Los Alamos awaiting future experiments |l2[ , in the simplest explanation, solar neutrino 
data can be understood in terms of v e — Vn oscillation with a small mass splitting not to 
influence atmospheric data, and atmospheric data can be explained in terms of — u T large 
mixing with a large mass splitting compared to the v e — case [[13|] . 

In fact, supposition A is necessary in this paper, while the other two suppositions are 
only for the convenience. Although we need two mixing angles precisely here, we need not 
limit which two of the three mixing angles. The suppositions B and C are helpful to draw a 
clear physical picture. 

2. The postulation on the weak CP phase 

In previous works |j[ 10], we have postulated that, the weak CP phase <5i3 and the other 
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three mixing angles #12, #23 and #13 satisfy 



(1 + S12 + S 2 3 + S 13 )Jl - Sf 2 - S% - Sf 3 + 2si2S 23 Sl3 

SUIO13 = ; ^r-; w ; (1) 

(1 + «12)(1 + «23)(1 + S13) 

where, the convention Sjj = sin 0y, Cj,- = cos Oij (the "generation" labels i, j = 1, 2, 3) are used 
and, 5i3 and 9^ are those present in the standard parametrization of the Cabibbo-Kaboyashi- 
Maskawa (CKM) matrix 



Vkm 



( C12C13 S12C13 si^e~ lSvi \ 

-S12C23 - Cl2S 23 Sl 3 e i<513 C12C23 - S12S23S13C" 513 S2 3 Cl3 
V S12S23 - C 12 C 2 3Sl 3 e' lSls -Ci 2 S 23 - Sl2C23Sl3e 4<513 C23C13 / 



with the real angles 612, #23 and #13 can all be made to lie in the first quadrant. The phase 
5i3 lies in the range < #13 < 2ir. In following, we will fix the three angles #12, #23 and #13 
in the first quadrant. 

The geometry meaning of Eq.(|I|) is evident. 5i 3 is the solid angle enclosed by (tt/2 — 
812), ( 7r /2 — #23) and (tt/2 — #13) standing on a same point, or, the area to which the solid 
angle corresponding on a unit spherical surface. 

Hence, to make (tt/2 — 612), (tt/2 — #23) and (tt/2 — #13) be able to enclose a solid angle, 
the following relation must be hold. 

(f " %) + (f " Ojk) > (| " hi) (i+3 + k + i = 1,2,3. % = (3) 

Eq.(||) and Eq.((l|) are the most important constraints in this work, on which the following 
discussions are based. 

3. The relevant experimental results on neutrino masses and mixing 

The recent analysis made by Hata and Langacker [ 14 ] gives viable solutions for the BAH- 



CALL SSM [||, HI- With the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism being 



considered [jlT], [l8| , they give the small-mixing solution 

8m 2 sol ~5x l(T 6 ey 2 sin 2 20 sol ~8x 1(T 3 (4) 
and the large-mixing solution 

Sm 2 sol ~ 1.6 x 10- 5 eV 2 sin 2 29 sol ~ 0.6. (5) 
Vacuum oscillation also provide solutions 

6m 2 ol = (5 ~ 8) x W- u eV 2 sin 2 26 sol = 0.65 ~ 1. (6) 
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The atmospheric neutrino data from Super-Kamiokande etc. imply that the parameters 
of the — v T oscillation of the atmospheric neutrinos are |3|, |4], [0| 

10" 4 < 5m 2 atm < 10~ 2 eV 2 sin 2 29 atm « 1. (7) 

We have known that, the small-mixing solution causes the energy-spectrum distortion 
while the large-mixing solution causes the day-night flux difference, and, the vacuum-oscillations 



cause seasonal variation of the 7 B e solar neutrino flux [16]. 

In the next section, we will see that, with the Super-Kamiokande results about the Vn — v T 
oscillation being admitted, the small-mixing solution differents from the large-mixing solution 
in CP violation greatly. Because the discussions here are only related to the mixing angles, 
and the MSW large-mixing solution gives about the same mixing as that given by the vacuum 
oscillation solution, so, we only discuss the two cases of small- and large-mixing as indicated 
by the MSW solutions. 

4. Some predictions on the mixing and CP violation in neutrino system 

Let us return to the constraint Eq.(||) and recall the clear geometry meaning of Eq.(|l]), 
what can we extract from them? As we have supposed in section 1, Eq.(^) tells us 



tt/4. (8) 



Keep this point in mind, then, by the use of Eq.(|3|), Eq.(^-^) will give restriction on the 
mixing angle between v e and v T . In the meantime, Eq.([l]) tell us some information on the 
CP violation in neutrino system. Let us talk more detail about these two problems. 

(1) About the mixing angle between v e and v T . 

From Eq.(j3|), we have 

l(f " M - (| - Ml < (| - Oer) < Min(n/2, (| - 6 e ,) + (| - 9, T )) (9) 



Note that, Eqs.(Q-g) imply for small- and large-mixing solutions 

9 efl ~ 0.045 or it/2 - 0.045 

and 

6,^ ~ 0.443 or vr/2 - 0.443 
respectively. Considering Eq.(||), then we obtain 

< 9 eT < vr/4 + 0.045 (10) 

or 

vr/4 _ 0.045 < 9 eT < vr/4 + 0.045 (11) 
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for the case of small-mixing solution. And 



< 9 eT < vr/4 + 0.443 (12) 



or 



vr/4 - 0.443 < 9 eT < vr/4 + 0.443 (13) 

for the case of large-mixing solution. Eq.^gJ) are the constraints on the mixing angle 9 er . 
(2) About the CP violation in neutrino system. 

Now, we discuss the CP violation in neutrino system. As is well known, all the CP 



violated observables are proportional to the Jarlskog invariant [19, 2C] 

JCP = Sl2Sl3S23Cl2C? 3 C23S<5 13 (14) 

where, ss 13 = sin5i3 with #13 the weak CP phase presenting in the CKM matrix of the lepton 
sector. And, we instead #12, #13 and 6*23 by 8 e ^,9 eT and 9^ T respectively in following. 

With 9^ T given by the Super-Kamiokande data definately, the small- and large-mixing 
solutions and the vacuum oscillation will give the pemitted ranges for 9 er correspondingly. 
Substitute Eq.(|l|) into Eq. (|i~4|) , we obtain Jcp as a function of 9 eT . Then, we can draw the 
curve which Jcp versus 9 er . The results are shown in Fig.(l). From the figure, we find that, 
the small-mixing solution corresponds to small CP violation while the large-mixing solution 
corresponds to large CP violation. 

For the small-mixing solution, Jqp is very small. The maximum of Jcp is about 5 x 10 -3 
when 9 efJi nearing to 0, and 1.5 x 10 -4 when 9 e ^ nearing to tt/2. 

For the large-mixing solution, Jcp is relative large. The maximum of Jcp is about 
1.5 x 10~ 2 when 9 efl nearing to 0.443, and 3.2 x 10~ 2 when 9 efl nearing to tt/2 — 0.443. 

Now, it is evident that, if the future experiments on the CP violation in neutrino system 
tell us that Jqp is larger than 5 x 10~ 3 , the mixing between v e and must be large. Recalling 
the same observable in quark sector obtained via K° — K° system is about 10~ 4 , if it is the 
same order of magnitude in the neutrino system, then, the mixing between v e and v T is either 
around 0.8 with a relative narrow window or nearing to or (vr/4 + 0.443) very closely. 

On the other hand, either 9 eil takes ~ 0.443 or it takes ~ (vr/2 — 0.443) for large-mixing 
solution can also be distingushed to some extent. For example, if experiment tells us Jqp > 
0.015, it must be 6 e „ ~ 0.443. 

Finally, with the CHOOZ result [^] being considered, that is, sin 2 2# er < 0.2, then we 
have 

< 9 eT < 0.23 or vr/2 - 0.23 < 9 eT < tt/2. 

Based on the above constraint, we can see from Fig.(l), firstly, the small-mixing solution with 
9e^ ~ (vr/2— 0.045) and the large-mixing solution with 9 efl ~ (tt/2— 0.443) have been excluded. 
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Secondly, the possible domain tt/2 — 0.23 < er < tt/2 should also be eliminated. Thirdly, 
J CP can still be large to about 0.02 in the case of large-mixing solution with 8 efl ~ 0.443, 
especially, the larger Jcp than 3 x 10 -3 will exclude the possibility of small-mixing solution 
finally. 

Maybe, the most interesting conclusion is about the bi-mixmal mixing |22|,|2|]. From the 



above analysis, we can see that, in most of the permitted range of the third angle - 9 er , there 
will be a relative large CP violation. 

Suppose that 9 e ^ = 6^ T = 7r/4, similarly, we can draw the curve which Jqp versus 8 er 
in the permitted range of er . The result is shown in Fig. (2). We find that, except for er 
nearing to or tt/2, Jcp is larger than 10 -3 in most of the permitted range of 6 eT . And, the 
maximum of Jcp can reach to about 0.018 when the CHOOZ result is considered. 

5. Conclusions 

Starting from the postulation on the relation between weak CP phase and the other three 
mixing angles in the CKM matrix, we have investigated the mixing and CP violation in the 
neutrino system. 

We suppose that, the solar neutrino problem be understood in terms of v e — oscillation 
with a small mass splitting. With the definite large mixing between — v T indicated by the 
Super-Kamiokande data, and the CHOOZ result being considered, we obtain the relevant 
constraints on the mixing between v e and v T . We find, < 9 er < 0.23 is permitted by the 
small- and the large-mixing solutions. 

Besides, the mixing between v e and is limited &s @efj, ^ 0.045 for the small-mixing 
solution or e ^ ~ 0.443 for the large-mixing solution. And, a larger Jcp than 3 x 10 3 will 
finally exclude the possibility of small-mixing solution. 

Furthermore, if the suppositions B and C in section 1 holds, a Jcp larger than 3 x 10~ 3 
implys the large-mixing solution for solar neutrino problem. And, if it takes the same order 
for Jcp in the neutrino system as the one in quark system, the mixing between v e and 
will be very small (~ 10~ 2 or less). 

For the case of bi-maximal mixing, we predict a large CP violation in neutrino system 
with Jcp larger than 10 -3 , except the third mixing angle approachs to or tt/2 very closely. 

Finally, although we have made some suppositions in this work, the basis and the method 
used here is actually valid for a more general discussion. 

Notes: In fact, this work has been finished and submitted before the last July. Due to 
some reason, we have not put it on the net in time. Just two days ago, when we noted the 
paper hep-ph/0004020| by Sin Kyu Kang, C. S. Kim and J. D. Kim and found their results 



are almost the same as those of us, although they based on some concrete model while we 
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only started out from our postulation, we are encouraged to post this short paper. 



References 

[1] J. Bahcall, S. Basu and M. Pinsonneault, Phys. Lett. B 433, 1(1998). 

[2] J. Bahcall and H. Bethe, Phys. Rev. Lett. 65, 2233(1990) and Phys. Rev. D44, 
2962(1991). N. Hata and P. Langacker, Phys. Rev. D56, 6107(1997). 

[3] Super-Kamiokande Collaboration : Y. Fukuda et al, Phys. Rev. Lett. 81, 1562 (1998); 
hep-ex/9805006| ; Phys. Lett. B 433, 9 (1998); T. Kajita, |hep-ex/9810001 . 



[4] Super-Kamiokande Collaboration: Y. Fukuda et al, Phys. Rev. Lett. 81, 1158 (1998); 
Talk by Y. Suzuki at Neutrino'98, Takayama, Japan (1998). 

[5] Utpal Sarkar and R. Vaidya, Phys. Lett. B 442, 243(1998). C. S. Kim, J. D. Kim, Phys. 
Rev. D 61, 057302(2000). Sin Kyu Kang, C. S. Kim and J. D. Kim, |hep-ph/0004"02C| . 
A. Mondragon and E. Rodri Guez-Jourgui, Phys. Rev. D 59, 093009(1999). 

[6] K. R. Schubert, May we expect CP- and T-violation effects in neutrino oscillation ? 
bep-ph/9902215| . De Rujula, M. B. Gavela and P. Hernandez, |hep-ph/98li390| , Nucl. 



Phys. B 547, 21(1999). A. Donini, M. B. Gavela, P. Hernandez and S. Rigolin, hep- 



ph/9909254 . A. Cervera, A. Donini, M. B. Gavela, J. J. Gomez Cadenas, P. Hernandez, 



O. Mena and S. Rigolin, |hep-ph/0002108 



[7] A. M. Gago, V. Pleitez and R. Zukanovich Funchal, CP violation in vacuum neutrino 
oscillation experiments, hep-ph/9810505| . 



[8] V. Barger, K. Whisnant and R. J. N. Phillips, Phys. Rev. Lett. 45, 2084(1980). 

[9] Jing-Ling Chen, Mo-Lin Ge, Xue-Qian Li and Yong Liu, A Possible Hidden Symmetry 
and Geometrical Source of The Phase in The CKM Matrix. Eur. Phys. J. C 9, 437(1999). 



[10] Yong Liu, |hep-ph/991023l. Phys. Rev. D 61, 033010(2000). 



[11] P. M. Fishbane and P. Kaus, On neutrino masses and leptonic mixing, |hep-ph/981023l . 



[12] C. Athanassopoulos et al. (LSND Collaboration), Phys. Rev. Lett. 75, 2650(1995); ibid. 
77, 3082(1996). 



[13] R. Barbieri et al., hep-ph /9807235 . E. Malkawi, Common hierarchical lepton mass tex- 



tures for atmospheric and solar neutrino oscillations, hep-ph/9810542 



6 



[14 
[15 
[16 
[17! 
[18! 

[19 

[20! 
[21 
[22 



N. Hata and P. Langacger, Phys. Rev. D56, 6107(1997). 
J. N. Bahcall and M. H. Pinsonneault, Rev. Mod. Phys. 67, 781(1995). 
Particle Data Group, The Europ. Phys. J. C3, 310 -329(1998). 
L.Wolfenstein, Phys.Rev.D 17(1978)2369; 20(1979)2634. 

S.P.Mikheyev and A.Yu.Smirnov, Yad.Fiz. 42(1985)1441( Sov.J.Nucl.Phys.42(1985)913); 
Nuov.Cimento.C 17(1986)9. 

CP Violation Ed. C. Jarlskog, World Scientific Publishing Co. Pte. Ltd 1989. 
E. A. Paschos and U. Turke, Phys. Rept.4, 145(1989). 



CHOOZ Collaboration : M. Appollonio et al, |hep-ex/97ll002 . 

V. Barger, S. Pakvasa, T. J. Weiler and K. Whisant, Phys. Lett. B 437, 107(1998). C. 
Giunti, |hep-ph/9810~27l . D. V. Ahluwalia, Mod. Phys. Lett. A 13, 2249(1998). 



[23] M. Tanimoto, Phys. Rev. D59, 017304(1999). I. Stancu and D. V. Ahluwalia, Phys. Lett. 
B 460, 431(1999). 



7 




Figure 1: Jcp versus 9 eT . Where, 9^ T — 7r/4. The curves si, s2, 11 and 12 corresponds to 
the cases of 6 efl = 0.045, (vr/2 - 0.045), 0.443 and (vr/2 - 0.443) respectively. 
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Figure 2: Jcp versus 9 er . Where, 6> eM = 9^ = it /4. So, the permitted range for 6 eT is 
~ vr/2. 
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